Let (S, H) be a polarized K3 surface. We define Brill-Noether filtration on moduli spaces of vector bundles on S. Assume that (c1(E), H) > 0 for a sheaf E in the moduli space. We give a formula for the expected dimension of the Brill-Noether subschemes. Following the classical theory for curves, we give a notion of Brill-Noether generic K3 surfaces.
We start by recalling some results of classical Brill-Noether theory. Let C be a smooth projective curve of genus g over an algebraically closed field k of characteristics 0; consider the Picard variety Pic d (C) parameterizing degree d line bundles on C. For a line bundle L on C one can define cohomology groups with coefficients in L, H 0 (C, L) and H 1 (C, L); these are vector spaces over the base field k. The vector space H 0 (C, L) can be interpreted as the space of global sections of L. Let us denote by h i (C, L) the dimension of the vector space H i (C, L) over k, i = 0, 1. These numbers are related by the Riemann-
thus, given h 0 (C, L), we can compute h 1 (C, L) from the formula above. Therefore, the Picard variety Pic d (C) has a natural filtration given by the value of h 0 (C, L),
where W r d (C) is the set of isomorphism classes of the degree d line bundles L which satisfy the condition h 0 (L) ≥ r+1. (The shift by +1 appears for historical reasons: if h 0 (C, L) = r + 1, then r is the dimension of the linear system |L|). One can prove that each W r d (C) is a set of points of a closed subvariety in the Picard variety Pic d (C), and it is classically known that many questions of the projective geometry of C can be reformulated in terms of the geometry of these subvarieties, named "the Brill-Noether loci" after Brill and Noether who did the first essential study of them in [1] What is known about the geometry of the Brill-Noether loci for a curve C? We formulate only a few results. First, one can construct two vector bundles, E and F , on a Picard variety Pic d (C), and a map σ : E → F in such a way that W r d is equal to the degeneration subvariety of D k (σ) for a certain k, where D k (σ) = {x ∈ Pic d (C) : rank σ(x) ≤ k} (see, e.g., [13] , Chapter 14.) In such a situation one can define the "expected" (or "virtual") dimension of the variety W If, for a given curve C and numbers r and d, the variety W r d (C) has the "expected" dimension ρ(r, g, d), then much is known about the geometry of W r d (C), for example, one can compute its cohomology class (in the case k = C) in the cohomology ring of the Picard variety (A. Poincare), its normal invariants, and so on. (See [6] for many more details).
The curve C is said to be "Brill-Noether general" if It was conjectured by Brill and Noether that a generic curve C in the moduli space of curves of genus g is (what we call now) Brill-Noether general. The first proof was given by Griffiths and Harris in 1980 ([5] ) and used a degeneration argument. It was also observed (Miles Reid, Tyurin, Donagi-Morrison, Lazarsfeld) that if the curve C can be realized as a hyperplane section of some K3 surface S, then the geometry of the Brill-Noether loci W r d (C) is closely related to the geometry of the surface S. Lazarsfeld proved that if C is a curve which can be embedded into a K3 surface S in such a way that the linear system |C| does not contain non-reduced or reducible curves, then whenever ρ(r, g, d) < 0 the variety W r d (C) is empty.
Generalizations.
There are two most natural ways to generalize the classical Brill-Noether theory: first, instead of studying line bundles one can consider coherent sheaves of arbitrary rank r. (Unfortunately, the dimension of the linear system L, as r in the notation W r d , and the rank of a vector bundle are classically denoted by the same letter r.) Second, instead of studying curves, one can consider varieties X of dimension greater than one. One can go in both directions simultaneously, fixing a variety X equipped with an ample divisor class H and considering the moduli space M = M H (r, c) of H -stable vector bundles (or coherent sheaves) of rank r and Chern class c, and studying the subschemes in M defined by the conditions {h i (X, E) ≥ k i }. Going in the first direction, Newstead and others studied the Brill-Noether loci in the moduli spaces of stable rank r vector bundles on curves (their results are published in a sequence of papers in 1994-2004). Mumford's study of special 0-cycles, done in the Chapters 19-21 of [4] in order to construct the Picard scheme of an algebraic surface S, can be interpreted as a proof of non-emptiness of certain Brill-Noether varieties in the moduli space of rank 1 torsion free sheaves on S. Goettsche and Hirschowitz studied the Brill-Noether loci in the moduli spaces of stable vector bundles on the projective plane P 2 . It is known that if S is an algebraic surface over k = C, then the geometry of the BrillNoether loci in the moduli spaces of vector bundles on S is connected with the invariants of smooth structure of S.(For example, Ellingsrud, Stromme and Le Potier studied the Brill-Noether stratification in the moduli space of stable vector bundles on P 2 in order to compute some Donaldson invariants of P 2 ).
The case of K3 surfaces.
We consider the Brill-Noether filtration in the moduli space of stable vector bundles on K3 surfaces. In general, a vector bundle E on an algebraic surface S has three Betti numbers, h 0 (S, E), h 1 (S, E), and h 2 (S, E), which are related by the RiemannRoch theorem
and therefore one naturally has to consider a bifiltration in the moduli spaces of stable vector bundles on S given by the condition h 0 (S, E) ≥ k, h 1 (S, E) ≥ l. However, if S is a K3 surface, one can prove that the second cohomology group H 2 (S, E) vanish for all stable vector bundles E such that (c 1 (E), H) > 0. It follows that one has to consider only two Betti numbers which are subject to one relation, and therefore the situation in the case of K3 is simpler and it is enough to study the filtration defined by the dimension of the spaces of global sections.
Let S be a K3 surface. Let a ∈ Pic(S), d ∈ Z, and let M = M H (r, a, d) be the moduli space of H-stable vector bundles E on S which satisfy rk(E) = r, c 1 (E) = a and c 2 (E) = d. We define the Brill-Noether filtration on M as
We realize BN k (M ) as the degeneration variety of a morphism of vector bundles σ : E → F on the moduli space M . We then compute the expected dimension of the Brill-Noether loci BN k (M ), which we denote as v.dim BN k (M ) ("v" stands for "virtual").
It is natural to ask, then, whether, at least for a "general" K3 surface S, the numeric condition v.dim BN k (M ) < 0 implies that the variety BN k (M ) is empty, and whether v.dim BN k (M ) ≥ 0 implies that BN k (M ) is not empty and is of the expected dimension.
We give a partial answer to this question. To summarize our results shortly,
(1) we give examples of situations when the expected dimension of the BrillNoether subscheme BN k (v) is greater than zero, but the corresponding subscheme is empty, in contrast with the classical case, and define a "good" geographic region in the space of numerical parameters (g, d, r, k) where we expect the Brill-Noether filtration to behave in the expected way for a generic K3 surface;
(2) we prove that if S is a K3 surface with Pic S ≃ Za, where a is the positive generator of Pic S, and the generic curve in the linear system |a| is BrillNoether general in the classical sense, then the Brill-Noether filtration on the moduli space M H (r, a, d) has the expected behavior in the good geographic region, and consists of empty varieties outside of the good region, i.e., in this case we have a full answer to the question we study. A theorem of Lazarsfeld implies that the second condition above is extra, i.e., that for a K3-surface S with Pic S ≃ Za, where a is the positive generator of Pic S, the generic curve C in the linear system |a| is BrillNoether general. Thus a generic polarized K3 surface is Brill-Noether general in the "good" region.
We also give some examples of Brill-Noether-special K3 surfaces (with rank of Pic S > 1), and give some applications to the birational geometry of the moduli spaces of vector bundles on K3 surfaces.
Techniques.
Below I summarize the techniques we use.
First, we extend the problem to include certain coherent sheaves of rank 0 and 1, thus extending our picture to the moduli spaces of all the ranks r ≥ 0. For rank 0, studying the corresponding Brill-Noether filtration on the moduli space M (0, a, d) is equivalent to studying the classical Brill-Noether theory for curves on S in the linear system |a|, and for sheaves of rank 1 studying of the Brill-Noether filtration on M (1, a, d) is equivalent to the study of the 0-cycles on S which fail to impose independent conditions on curves in the linear system |a|.
Then, continuing the line of thought of Tyurin in [14] , we define some system of correspondences which relate Brill-Noether varieties in the moduli spaces of sheaves of various ranks. We can use this system of correspondences to obtain information about the geometry of the Brill-Noether variety BN k (r, a, d) for a given k and r, provided that we can guarantee that for a certain r ′ , depending on r, k, a and d,
) one has h 1 (S, E) = 0, and
) is globally generated.
However, this seem to be a hard question on its own. In our study of the Brill-Noether theory on S we apply the correspondence twice, the first time to translate some information about the special linear systems on curves on the surface S into information about the behavior of the generic vector bundles [E] ∈ M H (r ′ , a, d) for various ranks r ′ , thus reversing the line of though of Lazarsfeld and answering, under certain conditions, the question about the behavior of the generic vector bundles posed above, and the second time to translate the information about the generic vector bundles in the moduli spaces M H (r ′ , a, d) into the information about the given Brill-Noether variety BN k (r, a, d).
Structure of the paper.
The proof of some technical results will appear in a separate publication [22] . The proof of the main theorem is given completely in this paper.
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2 Preliminaries: moduli spaces of acceptable sheaves on a K3 surface.
Let S be a K3 surface over an algebraically closed field k of characteristic 0. Let
where the Chern character map ch takes a class of a locally free sheaf E to its Chern character ch(E) = (rk E, ch 1 (E), ch 2 (E)), and ǫ(r, v 1 , v 2 ) = (r, g, d), where g = . Note that ch 2 (E) = (c 1 (E) 2 − 2c 2 (E))/2 ∈ Z, since Num S is an even lattice, so the map ch is correctly defined. Note also that for a locally free sheaf E one has ǫ(v([E])) = (rk E, g, d), where g is the arithmetic genus of a curve in the linear system |c 1 (E)| in the case it is not empty, and d = c 2 (E). Note that linear equivalence on S coincides with numerical equivalence, since
If a ∈ Num S, we denote by |a| the linear system PH 0 (S, L a ) ∨ , where L a is the unique invertible sheaf on S with c 1 (L a ) = a, and by |a| s the open subscheme in |a| parametrizing smooth irreducible curves.
We say that a coherent sheaf F on S is acceptable 1 if it satisfies one of the following conditions:
1. rk F ≥ 2 and F is locally free; 2. rk F = 1 and F is torsion free; 3. rk F = 0 and F is isomorphic to the direct image of an invertible sheaf on a smooth irreducible curve on S.
We give some justification to this definition later. Let H ∈ N um(S) be a class of an ample divisor, let v = (r, . We define
For any r ∈ Z we letr = r − 1.
2.2 Theorem (Shigeru Mukai, [7, 8] ). If r ≥ 2 and ρ(r, g,
3 Lemma (case r = 1).There is an isomorphism In particular, M (0, a, β) is an irreducible variety of dimention 2g.
2.5 Remark. The formula dim M (r, a, β) = 2ρ(r, g, d) remains valid for r = 0 and r = 1.
3 Brill-Noether stratification of M H (v) and statement of the main theorem
This lemma prompts the following definition: 3.4 Special 0-subschemes on a surface. Let S be an algebraic surface, L be an invertible sheaf on S, and ξ ∈ Hilb d (S) be 0-subscheme in S. The index of speciality of ξ with respect to L, denoted as δ(ξ, L), is defined by the equality
It follows that δ(ξ, L) ≥ 0, and δ(ξ, L) > 0 if and only if ξ fails to impose d independent conditions on curves in the linear system |L|. If δ(ξ, L) > 0, ξ is said to be special with respect to L. Considering the adjunction sequence 
Corollary: case r = 1. On a K3 surface S there is an equality
3.6 Simple Caley-Bacharash 0-cycles. Definition. A 0-subscheme ξ ⊂ S of length d is called simple if it can be written as a sum of d distinct points on S, ξ = [
Definition. If L is an invertible sheaf on S and ξ is a simple 0-cycle on S, then ξ is said to be Caley-Bacharash with respect to L if for every point p i ∈ ξ and every curve C in the linear system |L| such that all the points
For example, if C and D are plane curves and ξ = C ∩ D is a simple 0-cycle, then ξ is Caley-Bacharash with respect to the linear system
In particular, every plane cubic containing eight out of nine points of intersection of two fixed plane cubics also contains the ninth point (CaleyBacharash theorem.)
It follows that ξ is special with respect to L. One can prove that for each given δ > 0 simple Caley-Bacharash 0-cycles form an open subscheme in Hilb
3.7 Lemma. Let us fix v , and assume that M (v) is not empty. Let us substitute M (v) with any of its irreducible components 3 .
1. One can construct vector bundles E and F on M (v) and a map σ : E → F in such a way that BN k (v) is the set of points x ∈ M (v) at which the rank of σ drops by a certain number l. In particular, BN k (v) is the set of points of a closed subscheme D l (σ) in the moduli space M (v). (Abusing notations, we sometimes denote this subscheme as BN k (v)).
where
where χ = χ(v) = 2r + β is the Euler characteristics of any F ∈ M H (v).
Let us fix S, H, a ∈ Num S and β ∈ Z. Let r 0 be the positive root of the equation
Note that the moduli space M H (r, a, β) is empty if r > r 0 . Let k 0 = 2r 0 + β and k 1 = r 0 + β. We define the following domains in the plane with coordinates (k, r):
as one the Figure 1 .
Note that the domain D 0 is empty if β < 0, and
be the subscheme in the relative Picard variety Pic ′′ is empty; the minimal genus for which this occurs is g = 5. For example, if C is a smooth plane quintic, the variety V
′′ (C) is empty; some other examples are studied in the section 8.
Let us fix a polarized genus g K3 surface (S, a) and integers r ≥ 0 and d ≥ 0 such that ρ(r, g, d) ≥ 0. Consider the following three conditions:
is not empty;
The linear system |a| s contains a Brill-Noether general curve;
Note that the condition C 3 and results of Lazarsfeld imply the condition C 2 , and the condition C 2 implies the condition C 1 .
, and assume that M (r, a, β) is not empty. Assume further that either Pic(S) = Za, or (a, H) = 1. Then
, and at least one of the conditions C 1 , C 2 and C 3 is satisfied, then BN k (r, a, β) is not empty, and
is empty, as expected.
3.11 Remark. The second statement could not be made stronger: we give examples of situations in which r = 0 or r = 1, (k, r) ∈ D 2 , and BN k (r, a, β) is not empty.
3.12 Remark. Let k 2 be the positive root of the equation
The point (k 2 , 0) is on the boundary of D 2 , as on the Figure 1 . Note that k 1 satisfies the equality
i.e., for a genus g curve C and an integer k = r + 1 one has v.dim 
One would expect that if the family C/T is generic enough, then
. In particular, if C/T is generic enough and dim T = g, as is the case when T = |a| s , then one would expect
It follows that k 2 can be defined by the property
where C/|a| s is the universal curve over the linear system |a| s . In particular, one would expect that for each k such that k 1 < k = r + 1 < k 2 the variety W r d (C t ) is empty for a generic point t ∈ T and that there is a codimension |ρ(r, g, d)| subscheme in T parametrizing points t ∈ T such that W r d (C t ) is not empty. In particular, one would expect that for k 1 < k = r + 1 < k 2 the variety (W r d ) C/|a| s is not empty. However, if S is a K3 surface and a ∈ Num S, one can not expect that the variety (W r d ) C/|a| s has the expected dimension, i.e., that the classifying map from |a| s to the moduli space of genus g curves is of general position with respect to the stratification of M g by Brill-Noether special curves. (For example, we know that if one curve in the linear system |C| is hyperelliptic, than all the curves in |C| are hyperelliptic, and so on.) This discrepancy creates the region D 2 where the Brill-Noether loci are empty in the regular examples, even though their expected dimension is positive.
The correspondence
, and an integer r ′ such that 0 ≤ r ′ < r. Let
Proposition.
There is a coarse moduli space A l (v) classifying pairs (E, V ), where E is a coherent sheaf on S and V ⊂ H 0 (S, E) is a vector space of dimension l, which satisfy the following conditions:
1. E is acceptable and H-stable,
. coker e E,V is acceptable and H-stable.
The proof of the existence of such a moduli space draws on the results of Le Potier and He Min ( [18, 19, 20, 21] ).
Given a scheme X and morphisms f : X → Y and g : X → Z, we say that we are given correspondence between Y and Z, and denote this correspondence as (X, f, g).
The definition of the moduli space
) is isomorphic to an open subscheme in the Grassmanian variety Gr(l, H 0 (S, E)), and for every 
which is isomorphic to the "adjunction" sequence
where D is the divisor of zeroes of a non-zero section s ∈ V . Since any effective divisor D on C can be written as a linear combination of points,
, can be considered as an analogue of the correspondence 4.1. One can prove that π 2 is an isomorphism, and therefore the correspondence 4.2"reduces" to the Abel-Jacobi morphism
. This example lets us think about two particular correspondences, A r,1 : Hilb
and A r,0 : Pic
, as two different analogs of the AbelJacobi correspondence in dimension two, corresponding to the fact that there are two types of subschemes on a surface: 0-cycles and curves.
A few technical lemmas
Our study of the correspondence A r,r ′ is based on the following six technical lemmas:
5.1 Lemma: Generic extensions are acceptable. Let S be an algebraic surface, F be an acceptable coherent sheaf on S, and let W be a k-vector space. Let A be the affine scheme associated with the k-vector space Ext
The affine space A parametrizes extension classes of the form
We say that such an extension acceptable if E is acceptable.
1. If rk F ≥ 2, i.e., F is locally free, then all such extensions are acceptable; (b) If dim W ≥ 2, and A := N C/X B −1 is a globally generated line bundle on C, then there is a nonempty open subscheme U ⊂ A such that every extension class e ∈ U is acceptable; (c) In particular, let dim W ≥ 2, and assume that A = N C/X B −1 is globally generated and that dim W = H 0 (C, A). Let α e : W ∨ → H 0 (C, A) be the image of e under the isomorphism
If α e is an isomorphism, then e is acceptable.
Lemma :
Generic evaluation maps in the globally generated case are monomorphic. Let X be a reduced irreducible scheme, E be a globally generated locally free sheaf on X, and l ≤ rk E. Then there is a nonempty open subset in the Grassmanian variety Gr(l, H 0 (E)) parametrizing vector subspaces V ⊂ H 0 (X, E) for which the evaluation map e (E,V ) : V ⊗ O X → E is monomorphic.
Lemma:
Generic factors in the globally generated case are acceptable. Let S be a smooth algebraic surface, chark = 0, let E be a globally generated locally free sheaf on S, and let 1 ≤ l ≤ rk E. Then there is a nonempty open subset in the Grassmanian variety Gr(l, H 0 (E)) parametrizing vector subspaces V ⊂ H 0 (S, E) for which the cokernel of the evaluation map
5.4 Lemma: Stability of extensions. Let (S, H) be a polarized algebraic surface, and let F be an H-stable acceptable sheaf on S. Assume that we are given an extension
Let e be the class of this extension in Ext 1 (F, W ⊗ O X ), and let α e be the image of e under the isomorphism Ext
1. If α e is not injective, then E is not H-stable;
2. If α e is injective, F is acceptable, and either
then E is H -stable.
5.5 Lemma: Stability of factors. Let (S, H) be a polarized algebraic surface, let E be an H-stable coherent sheaf on S, and assume that we are given an exact sequence of the form
where F is a torsion-free sheaf. Assume further that either Pic S ≃ Z · H and c 1 (E) = H, or that (c 1 (E), H) = 1. Then F is H-stable.
The correspondence preserves the property of being globally generated. Let X be a scheme satisfying h 0 (X, O X ) = 1, and assume that we are given an extension of coherent sheaves
If E is globally generated, then F is globally generated. If F is globally generated and H 1 (X, O X ) = 0, then E is globally generated.
The proof of lemmas 5.1 -5.6 will be given in [22] .
6 Numerical structure of the correspondence A on a K3 surface
Let S be a K3-surface. Consider the map p from the set of the isomorphism classes of acceptable coherent sheaves on S to the free Abelian group P = Z 2 , p(E) = (h 0 (S, E), rk(E)). We denote the coordinates on P as (K, R). If F is an acceptable sheaf on S, v = ch(F ) = (r, a, β) and ǫ(v) = (r, g, d), we have
By the Riemann-Roch formula, we have χ(S, F ) = 2r + β. If F is an acceptable sheaf on S satisfying h 1 (S, F ) = 0 and h 2 (S, F ) = 0, then h 0 (S, F ) = χ(S, F ) = 2r + β, and p(E) is a point on the line l(β) : (K = 2R + β) in P R = P ⊗ R. I.e., p maps the maximal Brill-Noether strata BN χ(v) (v) o to the line l = l(β), as on the Figure 2 .
Note that the correspondences A k,k ′ r,r ′ acts along the lines l ′ (c) :
and intersects the line l(β) at some point (k, r), i.e., for every (k, r) ∈ P there is a (k ′ , r ′ ) ∈ l(β) and a correspondence A BN k (r, a, β) , as on the Figure 3 .
Thus the correspondence A relates the geometry of Brill-Noether loci on the lines l ′ . We use this correspondence twice, first time to derive certain properties of the maximal Brill-Noether loci BN 2r+β (r, a, β) and second time to relate BN 2r+β (r, a, β) and a given Brill-Noether variety BN k ′ (r ′ , a, β) in order to establish that the latter behave in the way predicted by the formula 3.2 in a certain domain. We use cases (a) and (b) to prove our main theorem, and cases (c) and (d) to establish certain birational properties of the birational geometry of the moduli spaces.
There is a fifth interesting case, one with r = 1 and r ′ = 0, which relates the geometry of the Hilbert scheme of points on S and the relative Picard variety for curves in the linear system |a|. We do not consider it in this text (see [22] for more details).
We will analyze these four situations case-by case.
Case (a)
Let us fix v = (r, a, β), r ≥ 2, and let v ′ = (0, a, β). Let k = χ(v) = 2r + β and k ′ = r + β. Assume that k ≥ r, i.e., (k, r) / ∈ D 0 . It follows that k ′ ≥ 0 and r ≥ α.
Consider the correspondence A 2r+β,r+β r,0
as illustrated on the Figure 5 in the case β < 0. Note that for a curve C ∈ |a| s there is a Serre duality isomorphism Vr
is not empty, then the fiber π −1 Proof: By the assumption, there is a C ∈ |a| s and a globally generated line bundle A ∈ Vr d (C). Let B = K C A −1 , and let W be a vector space of dimension r.
there is a unique (up to an automorphism of W ) extension class e of the form
is an isomorphism. By Lemma 5.1, E is locally free. Since either Pic S = Za or (a, H) = 1, Lemma 5.4 implies that E is H-stable. Thus E ∈ BN o χ(v) (v). Moreover, if B is globally generated, then, by Lemma 5.6, E is globally generated, which proves the lemma.
Our previous considerations imply the following
In particular, the correspondence A
gives a morphism
The construction above is equivalent to the construction given by Lazarsfeld in [10] , as we will now explain.
Let (C, A) ∈ Vr d (|a| s ), and assume that A is globally generated. The canonical evaluation map
Note that F is locally free since locally it is a kernel of an epimorphism R n → R/f → 0. By assumptions on A we have dim k H 0 (C, A) = r. Applying the functor Hom S (·, O S ) to the exact sequence above, we get an extension
The long corresponding long exact sequence
One can check that δ is the Serre duality isomorphism, and therefore h 1 (S, 
Case (b) and proof of the main theorem
Let us fix v = (r, a, β), v ′ = (r ′ , a, β), r ≥ 2, 0 ≤ r ′ < r, and k
as illustrated by the Figure 6 . We can assume Figure 6 : Geography in the case (b).
i.e., (k, r) and (k ′ , r ′ ) ∈ D 1 , since otherwise otherwise M (r, a, β) and all the varieties in the correspondence 7.1 are empty.
Since r − r
′ + β, we define r by the formula given above, we can include BN k ′ (v ′ ) in the correspondence of the form 7.1.
Proof of the main theorem:
We start by proving part 1. Let (k, r) ∈ D 1 , and assume that ( For the proof of part one of the main theorem, we need to consider only the case r ′ ≥ 2, when π 2 is epimorphic. The fiber of π 2 over a point
) is isomorphic to an open subscheme in the Grassmanian variety Gr(l, Ext
It is easy to see geometrically that h 1 (S, E ′ ) = l, and it follows that π 2 is an isomorphism. It follows that the correspondence A in the case (b) gives a morphism
where r = k ′ − r ′ − β, as denoted with an arrow on the Figure 6 . Now counting of dimensions gives
The proof of the part 0 of the main theorem is parallel, except that our study in the case (a) in this case does not guaranty that BN k (A o l (v)) is not empty. To prove parts 2 and 3 of the main theorem, assume that (k , d) is not negative.
Case (c)
Let us fix v = (r, a, β) ∈ K ′ (S) and k ∈ Z such that r ≥ 2 and k ≥ max(χ(v), r) = max(2r − β, r). Consider the correspondence A
Let (k 0 , r 0 ) be the intersection point of the lines l(β) and l ′ (k, r), as on the 
Case (d)
Let us fix v = (r, a, β) such that r ≥ 2 and k ≥ max(χ(v), r − 1). The fibers of the map π
are isomorphic to open subschemes in the Grassmanian Gr(r − 1, k), and the fibers of π 
, which is denoted by an arrow on the picture above.
Summarizing the results, we can see that for r < α − 1 the moduli space M (v) contains a Brill-Noether subscheme which is birational to a Grassmanian fibration over the Hilbert scheme Hilb d (S), for r = α − 1 the moduli space M (v) is birationally isomorphic to the Hilbert scheme Hilb d (S), and for r > α − 1 the Hilbert scheme Hilb d (S) contains a subscheme of special 0-cycles which is birational to a Grassmanian fibration over the moduli space M (v).
8 Examples. any (S, a) . The variety Hilb 3 (a,2) S classifies 0-subschemes on S of degree three with speciality index δ(ξ, a) = 2. Note that the linear system |a| realizes S as a quartic in P 3 with at most double points. It follows that Hilb 3 (a,2) S is empty when φ |a| is an embedding, and parametrizes simple 0-cycles of the form p + q + r, where p, q and r are three distinct points on a rational curve contracted by φ |a| , and their degenerations. In particular, not that if Pic S = Z, then Hilb S is an intersection of S with a 3-secant line l in the projective embedding given by |a|. There is a net of hyperplanes in P 4 through l, and each hyperplane cuts out a genus 4 curve on S containing ξ. On such a curve ξ gives a linear system of type g We will need the results of this example in the examples 8.6 and 8.5. For a slightly different approach, see [6] .
Let C be a trigonal curve of genus five. It is well known that C has unique trigonal structure g 1 3 . Let t ∈ |g 1 3 | be any divisor consisting of three distinct points. It follows that the linear span < t > is a trisecant line for C in the canonical embedding of C. We denote this line as l.
Since
, C has a (unique) structure of a plane quintic. Note that this linear system can be realized as a linear system of hyperplanes through l in the canonical embedding of C. Let C ′ be the plane model of C. Since genus of a smooth plane quintic is equal to 6, it follows that the of C ′ has one double point q ′ , which can be either node or cusp. Consider first the case when q ′ is a node, and let q 1 and q 2 be two preimages of q ′ on C. Since K C −g 1 3 does not separate q 1 and q 2 , we have < l+q 1 >=< l+q 2 > for the linear spans of divisors. Let π =< l + q i >; it is a two-dimensional plane in P 4 . Note that the divisor t + q 1 + q 2 is of type g 5 . Let H be a hyperplane in P 4 through π. It intersects C in a degree 3 divisor t ′ which forms g Since
Note that the Serre duality interchanges L p and M p :
We give the following geometric interpretation of |L p |. Note that for any p ∈ C we have p / ∈ l, since there are no linear systems of type g 2 4 on C. (Note that the definition of the linear span < t + p > includes an infinitesimal computation if p ∈ t.) It follows that pi p =< l + p > is a two-plane in P 4 . Projection with center π p gives a linear system of type g 1 4 on C which is equal to |K C − t − p| = |g Note that
In particular,
Proof. Let L be a linear system of type g 4 , and let D ∈ |L| be a divisor consisting of 4 distinct points on C:
it is a 2-plane in P 4 . Let t ∈ |g 1 3 | be a divisor consisting of three distinct points, t = t 1 + t 2 + t 3 . The linear span l =< t > is a trisecant line to C in the canonical embedding.
Case 1: l ∈ π. Consider the set-theoretic union E = D ∪ t. This is a set of 7, 6, 5 or 4 distinct points on C, and, correspondingly, |E| is a linear system of type g 
and the statement of the Lemma follows.
Case 2: l ∩ π = a, where a is a point in P 4 . Assume first that a = t i for some i, for example, a = t 1 . Then the linear system |D + t1| is of type g 2 5 and is different from K C − t, which gives a contradiction. It follows that t i = a. The image of π under the projection pr l : P 4 → P 2 is a line in P 2 containing four points of the image of D. Let p be the fifth intersection point of this line with C ′ . It follows that |D| = |L p |, and the statement of the Lemma follows.
Case 3: l ∩ π = ∅. In this case one can repeat the construction of the case 2, starting from the projection pr l . E.o.p.
It follows that the variety W = W 1 4 (C) has two irreducible components, W (1) and W (2) , each isomorphic to the curve C itself: the isomorphism C → W (1) takes p to L p , and the isomorphism C → W (2) takes p to M p . All the points on the first component, except from the images of q 1 and q 2 , parametrize globally generated line bundles, while all the points on the second component parametrize linear systems with a base point. The Serre duality interchanges the two components (as well as points q 1 and q 2 ), as on the Figure 11 . In the case C ′ has a cusp q ′ , the arguments of the previous case can be applied with q 1 = q 2 . Let q be the preimage of q ′ on C. Then the variety W 1 4 (C) has two irreducible components, each isomorphic to C, touching each other at the point q.
Example of a Brill-Noether special K3 of genus 5
In this example we construct a polarized K3 surface (S, a) of genus five such that every hyperplane section of S is trigonal. We will use the existence of such a K3 in the examples 8.5 and 8.6.
Let F = F (0, 1, 2) be a 3-dimensional scroll which can be constructed as a factor of the affine space A 6 with coordinates (t 0 , t 1 , x 0 , x 1 , x 2 ) by the action of the group G m × G m , where the first factor acts with weights (1, 1, 0, −1, −2) and the second one with weights (0, 0, 1, 1, 1). The map π : F → P 1 , where φ = t 0 /t 1 , gives F a structure of a two-dimensional projective bundle over P 1 .
Let D be the subvariety in F defined by the equation x 0 = 0. D has a natural structure of a ruled surface isomorphic to the two-dimensional scroll F (1, 2). Let M ∈ Pic F be the image of D in the Picard group of F , and let L ∈ Pic F be the class of a fiber of π. Let P = P 5 . The map φ M : F → P associated with the linear system |M | can be written as φ M = (x 0 : t 0 x 1 : t 1 x 1 : t Let H be the hyperplane in P defined by the vanishing of the first coordinate;
For example, one can choose S to be given by the "almost Weierstrass" equation
, where c k (t) = c k (t 1 , t 2 ) is a generic homogeneous polynomials of degree k. Since q S = 0 and K S = 0, S is a K3 surface.
in the Chow ring of F , we have R ⊂ S. (It is also possible to see it directly, since the weight consideration implies that all the monomials in the equation of S must be divisible by x 1 or by x 2 .) Computing the Chern class gives N S/R ≃ O R (−2), i.e., the map φ M contracts the rational curve R on S into a double point p ∈ φ M (S). Let C = S ∩ D. We get a diagram
is the canonical embedding of C; in particular, C has genus five.
The line bundle O F (M ), restricted to a fiber F t , is isomorphic to O P 2 (1), which implies that φ M maps every rational curve D t to a trisecant line to C.
Fiber-wise with respect to π the geometry of S is shown on the Figure 13 . Figure 13 : Construction of a "trigonal" K3, step 2 (Going in the opposite direction, consider the image of a non-hyperelliptic genus 5 curve C under the canonical embedding φ KC : C → P 4 . The RiemannRoch theorem implies that there is a two-dimensional linear system of quadrics through φ KC (C) in P 4 . If C is not trigonal, then C is equal to the intersection of quadrics trough C by Enriques-Petri theorem; if C is trigonal, intersection of quadrics of through C is a linear scrollar surface X isomorphic to F (1, 2) such that every line on X is trisecant to C.) I learned about the geometry of scrollar varieties from Miles Reid's book "Chapters on Algebraic Surfaces."
We will use the existence of such a K3 surface in the next two examples. Taking into the account the results of [3] , there are two cases to consider: Case 1: There are no trigonal curves in the linear system |a| s . In this case every smooth curve in |a| is Brill-Noether general, and it follows that all the Brill-Noether varieties in the domain D 2 are empty. This is the case of a generic polarized K3 of genus 5. The results of Saint-Donat imply that such a K3 surface S is an intersection of 3 quadrics in P 5 . Case 2: All smooth curves in the linear system |a| are trigonal. Since every smooth trigonal genus 5 curve has precisely one trigonal structure, the varieties V 1 3 (|a|) and Hilb 5 (2,a) (S) have dimension five, which is greater than one predicted by the formula 3.2).
Remark 1: results of Saint-Donat ( [3] ) imply that such a K3 surface S we have rank Pic S ≥ 2, and Pic S should contain the sublattice 8 3 3 0 (which is obviously true for the K3 constructed in the previous example). Note that Pic S does not contain a nef divisor H such that (a, H) = 1. It follows that the main theorem of this text does not imply that the variety BN 4 (2, a, −1) ∈ D 2 is empty, since both of the the stability criteria we proved are not applicable in this case.
Remark 2: Let (C, B) ∈ V 1 3 (|a|). Note that both B and K C B −1 are globally generated. By Lemma 5.1, there is a unique up to an isomorphism locally free globally generated extension E of (C, B) of rank 2. Since ρ(C, B) < 0 (i.e., the generic genus 5 curve is not trigonal), the Riemann-Roch formula implies that E is not simple and, in particular, is not stable.
Remark 3: Let ξ ∈ Hilb 5 (2,a) (S) be a simple 0-cycle. We claim that ξ is Caley-Bacharash with respect to |a|. First proof: ξ induces a linear system of type g 2 5 on every curve C ∈ |a| through ξ. Let C ′ be a plane model of C given by this linear system. Then ξ is the intersection of C ′ with a line l on P 2 . Note that K C = O P 2 (2h)| C . Since every quadric on P 2 through ξ is of the form l + l ′ , where l ′ ∈ |h|, ξ is Caley-Bacharash with respect to |a|. Second proof: if ξ is not Caley-Bacharash, then it contains a sub-cycle ξ ′ of degree 4 and speciality index 2, which contradicts to the Martens-Mumford theorem applied to any curve through ξ ′ . It follows that the extension defined in the Lemma 5.1 is locally free. (We have already proved that it is not stable.) Let C be a trigonal curve of genus 5. We proved in the Example 8.3 that V (C) := W 1 4 (C) is one-dimensional and has two irreducible components, V (1) (C) and V (2) (C), intersecting each other at two points or one double point. Generic points on the first component parametrize globally generated line bundles on C, and all points on the second component parametrize linear systems with base points. The Serre duality interchanges these two components. It follows that V (|a|) = V 1 4 (|a| s ) has two irreducible components, V (1) (|a|) and V (2) (|a|). Note that the generic point of V (1) (|a|) is not in the image of the correspondence A.
Lemma: S ′ = M (2, a, 0) does not contain any globally generated vector bundles.
Proof: Assume that S ′ contains a globally generated vector bundle E. Note that the Grassmanian variety Gr(2, h 0 (S, E)) has positive dimension. Let us choose a generic point V ∈ Gr(2, h 0 (S, E)). By lemma 5.3, the evaluation map e (V,E) has a good degeneration, and its cokernel is a point v = (C, B) ∈ V 1 4 (|a| s ) such that both B and K C B −1 are globally generated. Since V (|a|) does not contain such a point p, we get a contradiction.
Corollary Variety A 4,2 2,0 is empty. Remark. One can still define the extension morphism E : V (|a|) → Coh S , where Coh S is the stack of coherent sheaves on S. The stack Coh S has a substack Coh (1) of non-locally free sheaves and a substack Coh (2) of non-globally generated sheaves. Under E, V (i) (|a|) is the preimage of Coh (i) .
Example of a Brill-Noether special K3 of genus 6
In this example we construct a polarized K3-surface (S, a) of genus six such that every hyperplane section of S is isomorphic to a plane quintic. We will use the results of this Example in the Example 8.8.
Let (S, B) be a polarized genus K3 surface of genus two. Thus B ∈ Pic(S), B 2 = 2, and the map φ B : S → |B| ∨ ≃ P 2 realizes S as a two-sheeted cover of P 2 branched along a curve R ⊂ P 2 of degree six. For a degree six curve R given by the equation f (x 0 , x 1 , x 2 ) = 0 the surface S can be realized as a subscheme in the total space of the line bundle O P 2 (3) given by the equation
Let R be a plane sextic which has a tritangent line l, i.e., f , restricted to l, is a square of a homogeneous form of degree 3. For example, we can take f = x Note that the linear system a = 2B + Γ has genus 6, and (2B + Γ, B) S = 5. It follows that |B|, restricted to a curve in |2B + Γ|, gives a linear system of type g 2 5 . In particular, the image of φ 2B+Γ : S → |2B + Γ| ∨ ≃ P 6 is as a projective K3 surface of genus such that all of its hyperplane sections are isomorphic to plane quintics (For the non-constructive approach, see [3] ).
Note that since (2B + Γ, Γ) = 0, the map φ 2B+Γ contracts Γ into a point p Γ . Let V 1 = H 0 (S, B) and V 2 = H 0 (S, 2B). Note that the canonical map Case 1: There is a smooth Brill-Noether general curve in the linear system |a|. Let V (C) = V 1 4 (C). It is well-known (cf. [6] ) that for a Brill-Noether general curve C of genus 6 the variety V (C) is a union of 5 distinct points. One can easily check that every point in V 1 4 (C) parametrizes such a line bundle L on C that both L and K C L −1 are globally generated. The moduli space M has dimension 0. The results of [7] imply that M is either empty or a reduced irreducible variety of dimension 0 (i.e., is a point). If Pic S = Za, there is a well-defined map E : V (|a|) → M , which proves that M is not empty, and since E realizes V (|a|) as a Grassmanian fibration over M , it follows that V (|a|) is birational to the Grassmanian variety Gr(3, 5) of dimension 6. Note that there exist a degree 5 morphism V (|a|) → |a| s ⊂ |a| ≃ P 6 . Case 2: All curves in the linear system |a| have g 2 5 . An example of such a surface was constructed in 8.7.
Let C be a genus six curve which can be realized as a (smooth) plane quintic, and let |h| be the corresponding linear system of type g Vice versa, the only stable sheaf E ∈ M is locally free by the ( [7] , proposition 3.3), but one can see as in the previous examples that E is not globally generated. It follows that the variety A 5,3 3,0 is empty.
